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Detecting chiral edge modes in topological materials has been intensively pursued in experiments.
However, the phenomena caused by the modes are not yet elucidated theoretically. We study the
dynamics of chiral spinon wave packets at the edge in Kitaev-type magnets. More precisely, by
relying on the exact solvability of the models, we construct a spinon wave packet, localized edge
magnetization, which shows oriented propagation along the edge, whose behavior is expected from
the chiral character of the dispersion relation of the chiral edge modes. In general, this approach
enables us to study not only spin transport in anisotropic magnets but also charge transport in
Bogoliubov-de Gennes-type superconductors because it does not rely on a conserved quantity.
I. INTRODUCTION
The exact ground state of the Kitaev honeycomb
model1 is known as a quantum spin liquid that shows2–5
short-range spin-spin correlations6. In addition to this
property, the model is a weak topological material that
hosts a Majorana edge flat band7 which yields unidirec-
tional edge magnetization8. When applying an external
magnetic field along [111] direction, the ground state of
the model is believed to change to a chiral spin liquid
which is characterized by a Chern number1, and exhibits
chiral edge modes although the exact solvability is lost.
If three spin interactions are added to the Hamiltonian
of the Kitaev honeycomb model instead of the external
magnetic field, then the exact solvability is retained, and
the resulting model shows the character of a chiral spin
liquid. A different variant of the model in the same
topological class can be realized as an exactly solvable
Kitaev-type model on a triangle-honeycomb lattice9,10.
Thus, several Kitaev-type models were found to have the
character of a chiral spin liquid.
Detecting chiral edge modes in topological materials
has been a central issue in experiments as well. Actually,
Kitaev-type magnets11–13 in the external magnetic field
are most likely candidates whose ground state is a chiral
spin liquid14,15. Therefore, a much deeper theoretical un-
derstanding of the related phenomena is required. In this
paper, we study propagation of edge magnetization due
to the chiral edge modes in Kitaev-type magnets. More
precisely, by relying on the exact solvability of the mod-
els, we construct a spinon wave packet, localized edge
magnetization, which is an excited state composed of the
chiral edge states. Because of the chirality of the disper-
sion relation of the chiral edge mode, the wave packet
propagates in only one of the two directions of the edge
irrespectively of the initial form of the wave packet. In
comparison with previous studies addressing spin trans-
port which use spin current16–19, the advantage of our
method is that we need neither to introduce spin current
nor to apply an external driving force such as a potential
difference. Thus, our method can be applied to not only
anisotropic magnets in which non of the spin components
commutes with the Hamiltonian but also Bogoliubov-
de Gennes (BdG)-type superconductors20 in which the
charge is not conserved. We can expect that such ori-
ented propagation of a local excitation at a sample edge
is experimentally detectable.
The rest of this paper is organized as follows. In Sec. II,
we describe the models considered in this paper, namely
the Kitaev honeycomb model with three-spin interaction
and the Kitaev triangle-honeycomb model. We also ex-
FIG. 1. The Kitaev’s honeycomb model with edges in the
horizontal direction. Red, blue, and green bonds represent
x- y- and z-bonds, respectively. Black (white) circles denote
the sites with an odd (even) `. Purple dashed lines represent
the next-nearest-neighbor hoppings of c-Majorana fermions
induced by the three-spin interaction.
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2plain the formalism of the Jordan-Wigner transformation
by which these quantum spin models are mapped to the
fermion models whose Hamiltonian have BdG form which
is interpreted as the Hamiltonian of a spinless supercon-
ductor. In Sec. III, we derive the exact dispersion relation
and the wavefunction of the chiral edge spinons by using
the transfer matrix method. In Sec. IV, by relying on
the exact solution thus obtained, we construct an excited
state which realizes the oriented propagation of the edge
magnetization. We also demonstrate that a wave packet
constructed by this formulation indeed moves in only one
of the two directions of the edge. In Sec. V, the edge
dynamical spin susceptibility is obtained as well. This
quantity reflects the chiral nature of the edge mode, and
is experimentally detectable. A summary and discussion
are given in Sec. VI. Appendix A is devoted to the details
of the transfer matrix method used in Sec. III. Finally, in
Appendix B, we present the details of the derivation of
the exact solution of the chiral edge modes in the Kitaev
triangle-honeycomb model.
II. MODEL
In order to demonstrate that chiral edge modes in
topological materials cause oriented propagation of local
edge magnetization in Kitaev-type magnets, we treat two
models, namely, the Kitaev honeycomb model with three-
spin interactions, the Kitaev triangle-honeycomb model.
In this section, we rewrite these Hamiltonians into the
BdG form which is interpreted as the Hamiltonian of a
spinless superconductor.
A. Kitaev honeycomb model with three-spin
interaction
We consider the following Hamiltonian on a cylindrical
geometry, whose sites are denoted by (`,m) with ` =
1, · · · , 2Lx and m = 1, · · · , Ly (Fig. 1):
H = HK +H3−spin, (1)
where
HK = Jx
Lx∑
`=1
Ly∑
m=1
σx(2`−1,m)σ
x
(2`,m) + Jy
Lx−1∑
`=1
Ly∑
m=1
σy(2`,m)σ
y
(2`+1,m) + Jz
Lx∑
`=1
Ly∑
m=1
σz(2`,m)σ
z
(2`−1,m+1), (2)
and
H3−spin = J ′
Lx∑
`=1
Ly∑
m=1
[
σx(2`−1,m)σ
y
(2`,m)σ
z
(2`−1,m+1) + σ
x
(2`,m+1)σ
y
(2`−1,m+1)σ
z
(2`,m)
]
+ J ′
Lx−1∑
`=1
Ly∑
m=1
[
σx(2`−1,m)σ
z
(2`,m)σ
y
(2`+1,m) + σ
y
(2`,m)σ
z
(2`+1,m)σ
x
(2`+2,m)
]
+ J ′
Lx−1∑
`=1
Ly∑
m=1
[
σz(2`−1,m+1)σ
x
(2`,m)σ
y
(2`+1,m) + σ
y
(2`,m+1)σ
x
(2`+1,m+1)σ
z
(2`+2,m)
]
. (3)
We impose the periodic boundary condition, σ(`,m+Ly) =
σ(`,m), in the vertical direction, while we impose the open
boundary condition in the horizontal direction. Here, HK
represents the Kitaev honeycomb model1, where the real
parameters, Jx, Jy, and Jz, are the exchange coupling on
x, y, and z bonds, respectively. As to the classification
of the bonds into three types, see Fig. 1 and its cap-
tion. The Hamiltonian H3−spin represents the three-spin
interaction with real coupling J ′. Although this term
looks fairly artificial, it was shown by Kitaev that the
interaction Hamiltonian H3−spin naturally appears when
the Zeeman energy of the external magnetic field in the
[111] direction is treated within the third-order pertur-
bation in the Kitaev honeycomb model1. In the case
with Jx = Jy = Jz = J , the parameter J
′ can be esti-
mated as J ′ ∼ h3J2 where h is the strength of the magnetic
field. Therefore, the Kitaev honeycomb model with the
Zeeman term is believed to belong to the same topolog-
ical class of the chiral spin liquid as that of the Kitaev
honeycomb model with the three-spin interactions. This
motivates us to study the chiral edge mode in the Kitaev
honeycomb model with the three-spin interactions.
To obtain the exact ground state of the Hamiltonian
of Eq. (1), we map the spin model to the fermion model,
by using the Jordan-Wigner transformation. Following
Refs. 9, 21–23, we introduce a complex fermion, a(`,m),
and rewrite the spin operators such that
σ+(`,m) = 2a(`,m)e
ipiθˆ(`,m) , (4a)
σ−(`,m) = 2e
ipiθˆ(`,m)a†(`,m), (4b)
3σz(`,m) = (−1)`
[
2a†(`,m)a(`,m) − 1
]
, (4c)
where σ±i = σ
x
i ± iσyi , and
θˆ(`,m) =
∑
m′<m
2Lx∑
`′=1
a†(`′,m′)a(`′,m′) +
∑
`′<`
a†(`′,m)a(`′,m).
(5)
Further, we decompose the complex fermion a(`,m) into
real and imaginary parts, i.e., we introduce two Majorana
fermions in the following manner9,21–23:
c(`,m) = i
[
a†(`,m) − a(`,m)
]
,
d(`,m) =a
†
(`,m) + a(`,m) if ` is odd, (6)
and
c(`,m) = a
†
(`,m) + a(`,m),
d(`,m) =i
[
a†(`,m) − a(`,m)
]
if ` is even. (7)
Then, by using c and d, we can rewrite HK and H3−spin
as
HK = iJx
Lx∑
`=1
Ly∑
m=1
c(2`−1,m)c(2`,m) + iJy
Lx−1∑
`=1
Ly∑
m=1
c(2`,m)c(2`+1,m) + Jz
Lx∑
`=1
Ly∑
m=1
c(2`,m)c(2`−1,m+1)d(2`,m)d(2`−1,m+1),
(8)
and
H3−spin = J ′
Lx∑
`=1
Ly∑
m=1
[
c(2`−1,m)c(2`−1,m+1)d(2`,m)d(2`−1,m) − c(2`,m+1)c(2`,m)d(2`−1,m+1)d(2`,m)
]
+ iJ ′
Lx−1∑
`=1
Ly∑
m=1
[
c(2`+1,m)c(2`−1,m) + c(2`,m)c(2`+2,m)
]
+ J ′
Lx−1∑
`=1
Ly∑
m=1
[
c(2`−1,m+1)c(2`+1,m)d(2`−1,m+1)d(2`,m) + c(2`+2,m)c(2`,m+1)d(2`+1,m+1)d(2`+2,m)
]
. (9)
One finds that the pairs of didj in Eqs.(8) and (9) com-
mute with HK and H3−spin, thus they are the conserved
quantities. Consequently, we can replace didj with the
classical number, as didj = ±i. In the following, we call
didj a link variable. In the ground state, the configu-
ration of the link variables is determined so that the en-
ergy for the Hamiltonian for c-Majorana fermions is min-
imized; this can be achieved by d(2`,m)d(2`−1,m+1) = +i
for ` = 1, · · ·Lx and m = 1, · · ·Ly1,9. Then, the Hamilto-
nian thus obtained can be written in the quadratic form
of the c-Majorana fermions,
HK = iJx
Lx∑
`=1
Ly∑
m=1
c(2`−1,m)c(2`,m) + iJy
Lx−1∑
`=1
Ly∑
m=1
c(2`,m)c(2`+1,m) + iJz
Lx∑
`=1
Ly∑
m=1
c(2`,m)c(2`−1,m+1), (10)
and
H3−spin = iJ ′
Lx∑
`=1
Ly∑
m=1
[
c(2`−1,m)c(2`−1,m+1) + c(2`,m+1)c(2`,m)
]
+ iJ ′
Lx−1∑
`=1
Ly∑
m=1
[
c(2`+1,m)c(2`−1,m) + c(2`,m)c(2`+2,m)
]
− iJ ′
Lx−1∑
`=1
Ly∑
m=1
[
c(2`−1,m+1)c(2`+1,m) + c(2`+2,m)c(2`,m+1)
]
. (11)
To rewrite the Hamiltonian of Eqs. (10) and (11) in the BdG form, we introduce a complex fermion8,
α(`,m) =
c(2`−1,m) + ic(2`,m)
2
, (12)
4and perform the Fourier transformation in the vertical
direction,
α`,ky =
1√
Ly
Ly∑
m=1
eikymα(`,m). (13)
Using α`,ky , we can write the Hamiltonian as
H =
∑
ky
∑
`,`′
Ψ†`(ky)[hˆ(ky)]`,`′Ψ`′(ky), (14)
with
Ψ`(ky) =
(
α`,ky , α
†
`,−ky
)T
, (15)
and
[hˆ(ky)]`,`′ =
(
[h0(ky)]`,`′ [∆(ky)]`,`′[
∆†(ky)
]
`,`′ [−h0(−ky)]`,`′
)
. (16)
h0(ky), ∆(ky), and ∆
†(ky) are defined as
[h0(ky)]`,`′ = (Jx − Jz cos ky) δ`,`′ − Jy
2
(δ`,`′+1 + δ`,`′−1) ,
(17)
[∆(ky)]`,`′ = −iJz sin ky
− 2J ′ sin ky −
[
Jy
2
+ iJ ′
(
e−iky + 1
)]
δ`,`′+1
+
[
Jy
2
+ iJ ′
(
eiky + 1
)]
δ`,`′−1,
(18)
and
[
∆†(ky)
]
`,`′ = {[∆(ky)]`′,`}∗.
The topological class of the BdG Hamiltonian of Eq.
(14) can be determined by the symmetries. For J ′ = 0,
it belongs to BDI class, which has time-reversal, particle-
hole, and chiral symmetries8. As a result, the Majorana
edge flat band appears in Ay phase
1,7,8, which is pro-
tected by the weak topological nature. If J ′ is finite,
the particle-hole symmetry is kept, but the time-reversal
symmetry is broken. Consequently, the chiral symmetry
given by the product of the time-reversal and particle-
hole symmetries is broken, too. Therefore, the corre-
sponding topological class is D class, whose topological
number is given by Z, or the Chern number1. For this
class, the chiral edge mode appears if the Chern number
is non-zero.
B. Kitaev triangle-honeycomb model
Next, we describe the Kitaev triangle-honeycomb
model9, which is another example of the Kitaev-type
model having the chiral edge modes. We consider a sys-
tem with 6Lx×Ly sites, and impose a periodic boundary
condition, σ(`,m+Ly) = σ(`,m), in the vertical direction.
The Kitaev triangle-honeycomb model is given as
H =Jx
Lx∑
`=1
Ly∑
m=1
[σx(6`−5,m)σ
x
(6`−4,m) + σ
x
(6`−1,m)σ
x
(6`,m)]
+Jy
Lx∑
`=1
Ly∑
m=1
[σy(6`−4,m)σ
y
(6`−3,m) + σ
y
(6`−2,m)σ
y
(6`−1,m)]
+Jz
Lx∑
`=1
Ly∑
m=1
[σz(6`−5,m)σ
z
(6`−3,m) + σ
z
(6`−2,m)σ
z
(6`,m)]
+J ′x
Lx∑
`=1
Ly∑
m=1
σx(6`−3,m)σ
x
(6`−4,m)
+J ′y
Lx−1∑
`=1
Ly∑
m=1
σy(6`,m)σ
y
(6`+1,m)
+J ′z
Lx∑
`=1
Ly∑
m=1
σz(6`−1,m)σ
z
(6`−4,m). (19)
See Fig. 2 for the geometry and the interactions. We
perform the Jordan-Wigner transformation of Eqs. (4a)-
(4c), and decompose the complex fermion ai into two
Majorana fermions ci and di in the same way as that in
Eqs. (6) and (7). Using these transformations for Eq.
FIG. 2. The Kitaev’s model on a triangle-honeycomb lat-
tice. On the red, blue, and green solid bonds, the exchange
interactions are written as Jxσ
x
i σ
x
j , Jyσ
y
i σ
y
j , and Jzσ
z
i σ
z
j , re-
spectively. On the red, blue, and green dashed bonds, the
exchange interactions are written as J ′xσ
x
i σ
x
j , J
′
yσ
y
i σ
y
j , and
J ′zσ
z
i σ
z
j , respectively. Note that i, j are the abbreviation for
the positions of sites.
5(19), we obtain
H =iJx
Lx∑
`=1
Ly∑
m=1
[c(6`−5,m)c(6`−4,m) + c(6`−1,m)c(6`,m)]
+iJy
Lx∑
`=1
Ly∑
m=1
[c(6`−4,m)c(6`−3,m) + c(6`−2,m)c(6`−1,m)]
+Jz
Lx∑
`=1
Ly∑
m=1
[c(6`−5,m)c(6`−3,m)d(6`−5,m)d(6`−3,m)
+c(6`−2,m)c(6`,m)d(6`−2,m)d(6`,m)]
+iJ ′x
Lx∑
`=1
Ly∑
m=1
c(6`−3,m)c(6`−4,m)
+iJ ′y
Lx−1∑
`=1
Ly∑
m=1
c(6`,m)c(6`+1,m)
+J ′z
Lx∑
`=1
Ly∑
m=1
c(6`−1,m)c(6`−4,m)d(6`−1,m)d(6`−4,m).
(20)
Again, the pairs didj in Eq. (20) commute with
the Hamiltonian and thus can be replaced with c-
numbers. We set the link variables as d(6`−2,m)d(6`,m) =
d(6`−1,m)d(6`−4,m) = +i, and d(6`−5,m)d(6`−3,m) = −i,
which gives us the ground state9. Then, the Hamilto-
nian for c-Majorana fermions is
H =iJx
Lx∑
`=1
Ly∑
m=1
[c(6`−5,m)c(6`−4,m) + c(6`−1,m)c(6`,m)]
+iJy
Lx∑
`=1
Ly∑
m=1
[c(6`−4,m)c(6`−3,m) + c(6`−2,m)c(6`−1,m)]
+iJz
Lx∑
`=1
Ly∑
m=1
[−c(6`−5,m)c(6`−3,m) + c(6`−2,m)c(6`,m)]
+iJ ′x
Lx∑
`=1
Ly∑
m=1
c(6`−3,m)c(6`−4,m)
+iJ ′y
Lx−1∑
`=1
Ly∑
m=1
c(6`,m)c(6`+1,m)
+iJ ′z
Lx∑
`=1
Ly∑
m=1
c(6`−1,m)c(6`−4,m). (21)
To rewrite Eq. (21) in the BdG form, we define three
species of complex fermions:
α(`,m),A =
1
2
[c(6`−5,m) + ic(6`−4,m)], (22a)
α(`,m),B =
1
2
[c(6`−3,m) + ic(6`−2,m)], (22b)
and
α(`,m),C =
1
2
[c(6`−1,m) + ic(6`,m)], (22c)
and their Fourier transformations,
α`,ky,s =
1√
Ly
Ly∑
m=1
α(`,m),se
ikym, (23)
for s = A,B,C. Then, the Hamiltonian of Eq. (21) is
rewritten as
H =
∑
ky
∑
`,`′
Ψ†`(ky)[hˆ(ky)]`,`′Ψ`′(ky), (24)
where Ψ`(ky) = (α`,ky,A, α`,ky,B , α`,ky,C , α
†
`,−ky,A, α
†
`,−ky,B , α
†
`,−ky,C)
T and
[hˆ(ky)]`,`′ = δ`,`′M + δ`,`′−1Γ + +δ`,`′+1Γ†, (25)
6with
M =

Jx
−Jy−iJz
2
J′ze
−iky
2 0
−Jy−iJz
2
J′ze
−iky
2−Jy+iJz
2 J
′
x
−Jy+iJz
2
Jy+iJz
2 0
−Jy−iJz
2
J′ze
iky
2
−Jy−iJz
2 Jx
−J′zeiky
2
Jy+iJz
2 0
0
Jy−iJz
2
−J′ze−iky
2 −Jx Jy−iJz2 −J
′
ze
−iky
2−Jy+iJz
2 0
Jy−iJz
2
Jy+iJz
2 −J ′x Jy+iJz2
J′ze
iky
2
−Jy+iJz
2 0
−J′zeiky
2
Jy−iJz
2 −Jx

, (26)
and
Γ =

0 0 0 0 0 0
0 0 0 0 0 0
−J′y
2 0 0
−J′y
2 0 0
0 0 0 0 0 0
0 0 0 0 0 0
J′y
2 0 0
J′y
2 0 0
 . (27)
The topological class of this Hamiltonian is also D class,
and hence the model exhibits a chiral edge mode.
III. DISPERSION RELATION OF EDGE MODE
A. Kitaev honeycomb model
In this section, we derive the dispersion relation of the
chiral edge mode at the left edge for the Kitaev model.
To obtain the exact solution of the chiral edge mode, we
employ a transfer matrix method. Although the method
FIG. 3. The dispersion relation of the BdG Hamiltonian in of
Eq. (14) for (Jx, Jy, Jz, J
′) = (1, 0.8, 0.9, 0.3). The red solid
lines denote the energy spectrum obtained by the numerical
diagonalization for the Hamiltonian, and the blue dashed line
denotes the dispersion of the edge mode which is analytically
obtained in the text. Only the yellow area allows the decay
edge solution which satisfies the decay condition |λ(ky)| < 1.
is already established as a standard tool24–27, known ex-
act solutions of chiral edge states27,28 are still rare so far.
Even in the case of the well-known Haldane tight-binding
model on the honeycomb lattice29–33, the exact solution
of the chiral edge state has not yet been obtained. In
this paper, we develop a new technique to derive exact
solutions of edge states. By using our method, we can
obtain the exact solution of the chiral edge state for the
Haldane model. Since the problem to derive the solution
for the Haldane model is equivalent to that for the Ki-
taev honeycomb model with the three-spin interactions,
we demonstrate the usefulness of our method for the Ki-
taev model as a concrete example.
The left edge mode γL(ky) can be expanded in terms
of Ψ`(ky) as
γL(ky) =
Lx∑
`=1
ϕT` (ky) ·Ψ`(ky), (28)
with
ϕ`(ky) =
(
u`,ky
v`,ky
)
. (29)
Note that γL(ky) satisfies
[
γL(ky), H
]
= εL(ky)γ
L(ky).
This leads to the eigenvalue equation for ϕ`(ky), which
is give by
Aˆ(ky)ϕ`+1(ky) + Aˆ
†(ky)ϕ`−1(ky) + Bˆ(ky)ϕ`(ky)
= εL(ky)ϕ`(ky), (30)
where Aˆ(ky) and Bˆ(ky) are 2× 2 matrices given as
Aˆ(ky) =
( −Jy2 Jy2 + iJ ′(eiky + 1)
−Jy2 + iJ ′(eiky + 1) Jy2
)
,
(31)
7and
Bˆ(ky) =
(
Jx − Jz cos ky −iJz sin ky − 2J ′ sin ky
iJz sin ky − 2J ′ sin ky −Jx + Jz cos ky
)
.
(32)
Equation (30) can be rewritten as(
ϕ`+1
ϕ`
)
= Tˆ (ky)
(
ϕ`
ϕ`−1
)
(33)
in terms of the 4× 4 transfer matrix,
Tˆ (ky) :=
(
Aˆ−1(ky)[εL(ky)− Bˆ(ky)] −Aˆ−1(ky)Aˆ†(ky)
Iˆ2 0
)
,
(34)
where Iˆ2 stands for the 2× 2 identity matrix.
From Eqs. (33) and (34), one finds that the en-
ergy eigenvalue εL(ky) has to be determined such that
Aˆ−1(ky)[εL(ky) − Bˆ(ky)] and −Aˆ−1(ky)Aˆ†(ky) have si-
multaneous eigenstates; see Appendix A for details. Af-
ter some calculations, we obtain the dispersion relation
as
εL(ky) =
2J ′ (Jx + Jy + Jz) sin ky√
J2y + 8J
′2 (1 + cos ky)
. (35)
Notice that, in order that the wavefunction ϕ` is localized
at the left edge, the eigenvalues of Tˆ (ky), λ(ky), has to
satisfy the condition |λ(ky)| < 1.
In Fig. 3, we plot the energy eigenvalues of the Hamil-
tonian of Eq. (14) (red solid lines), together with the
edge-mode dispersion given in Eq. (35) (a blue dashed
line), showing quite good agreement with each other. It
can also be seen in Fig. 3 that the chiral edge mode has
a linear dispersion near ky = 0. The velocity, which is
defined as
vLg (ky) =
[
∂εL(ky)
∂ky
]
,
(36)
is approximated in the vicinity of ky = 0 as
vLg (ky ∼ 0) ∼
2J ′ (Jx + Jy + Jz)√
J2y + 16J
′2
.
(37)
B. Kitaev triangle-honeycomb model
Next, let us treat the Kitaev triangle-honeycomb
model. Following Ref. 9, we restrict the parameters to
Jx = Jy = Jz = J , and J
′
x = J
′
y = J
′
z = J
′. It
has been pointed out that the ground state is topologi-
cally nontrivial (i.e. having a finite Chern number) for
|J ′| < √3|J |, and is trivial (i.e., having zero Chern num-
ber) for |J ′| > √3|J |; |J ′| = √3|J | is a critical point at
which the bulk band gap closed.
FIG. 4. Dispersion relations for the Kitaev triangle-
honeycomb model for (a) (J, J ′) = (1, 1), (b) (J, J ′) = (1,
√
3),
and (c) (J, J ′) = (1,
√
5).
Although the transfer matrix formalism shown in the
previous subsection is also applicable to the present
model, it is fairly difficult to obtain the exact solution,
since the size of matrices is large. We therefore employ
a different method to obtain the edge modes, which is
similar to one used in the prior work8; all the details of
that method are described in Appendix B.
Here we look at the numerical results: In Figs. 4(a)-
(c), we plot the dispersion relations for the BdG equation
of Eq. (24), obtained by the numerical diagonalization of
the Hamiltonian. For (J, J ′) = (1, 1), there exist chiral
edge modes, originating from the non-zero Chern number
of the bulk band. Interestingly, even for a non-topological
phase with vanishing Chern number [(J, J ′) = (1,
√
5)],
there still exist the edge states, but are not chiral, be-
cause the velocity around ky = ±pi takes the opposite
sign to that ky = 0.
IV. PROPAGATION OF MAGNETIZATION AT
THE EDGE
In this section, we calculate the time evolution of the
edge magnetization. To do this, we combine the tech-
nique to calculate the edge magnetization in the previous
work8 with the result of the eigenvalues and eigenvectors
of the left edge mode derived in the previous section.
As a initial state of dynamics, we consider the situation
where the chiral edge mode are excited with a certain
weight function ρky which is a function of the vertical
momentum ky. Physically, this situation can be achieved
by applying an external perturbation, e.g., shining laser
pulse to the sample magnet whose energy is lower than
the bulk energy gap of the magnet. We assume that such
an external perturbation is weak enough not to excite the
8flux sector.
A. Formulation
1. Warm-up: a spinless superconductor
Consider first the case that the link variable,
d(2`,m)d(2`−1,m+1), is equal to +i for all (`,m). Then, the
Hamiltonian (24) can be also interpreted as the Hamil-
tonian of a spinless superconductor. Therefore, before
proceeding to the calculation of the edge magnetization
in the Kitaev-type models, we compute the propagation
of a Majorana edge charge excitation in the superconduc-
tor. The calculation is much simpler than those in the
Kitaev-type models.
To begin with, we recall
α`,ky =
1√
Ly
Ly∑
m=1
eikym
c(2`−1,m) + ic(2`,m)
2
. (38)
Substituting (38) into Eq. (28), we obtain
γL(ky) =
Lx∑
`=1
Ly∑
m=1
eikym
[
ζ`,ky
2
c(2`−1,m) + i
ξ`,ky
2
c(2`,m)
]
,
(39)
with ζ`,ky = u`,ky + v`,ky and ξ`,ky = u`,ky − v`,ky .
The time evolution of γL(ky) is given by
γL(ky, t) := e
−iHtγL(ky)eiHt = eiε
L(ky)tγL(ky). (40)
Using γL(ky, t), let us consider the wave packet created
by the aforementioned external perturbation,
η[ρ](t) :=
1
Ly
∑
ky
ρky
[
γL(ky, t) + γ
L†(−ky, t)
]
, (41)
with the weight function ρky which satisfies ρ
∗
−ky = ρky .
One can easily show η[ρ]†(t) = η[ρ](t). Noting that the
dispersion relation given by Eq. (35) satisfies εL(ky) =
−εL(−ky), one obtains
η[ρ](t) =
2Lx∑
n=1
Ly∑
m=1
1
Ly
∑
ky
ρkyAn,kyeikymeiε
L(ky)tc(n,m),
(42)
by substituting Eq. (39) into Eq. (41). Here we have
introduced
An,ky :=
{
(ζ`,ky + ζ
∗
`,−ky )/2, for n = 2`− 1;
i(ξ`,ky − ξ∗`,−ky )/2, for n = 2`.
(43)
For An,ky , one can show the relation,
A∗n,−ky = An,ky . (44)
We further define
ψn,m(t) :=
1
Ly
∑
ky
A˜n,kyeikymeiε
L(ky)t. (45)
with A˜n,ky = ρkyAn,ky . Then, using the above relation
(44), as well as ρ∗−ky = ρky and ε
L(−ky) = −εL(ky), one
has ψ∗n,m(t) = ψn,m(t), i.e., ψn,m(t) is a real function.
Clearly, one has
η[ρ](t) =
2Lx∑
n=1
Ly∑
m=1
ψn,m(t)c(n,m). (46)
The wavefunction ψn,m(t) is localized at n. In the limit
Ly →∞, the wavefunction is written as
ψn,m(t) =
∫
dky
2pi
A˜n,kyeikymeiε
L(ky)t. (47)
Therefore, if the Fourier component A˜n,ky is a smooth
function with respect to ky, then ψn,m(t) is localized at
m, too. Note that
mψn,m(t) =
∫
dky
2pi
A˜n,kymeikymeiε
L(ky)t
=
∫
dky
2pi
A˜n,ky
(
−i ∂
∂ky
eikym
)
eiε
L(ky)t
=
∫
dky
2pi
eikym
(
i
∂A˜n,ky
∂ky
− A˜n,ky
∂εL(ky)
∂ky
t
)
.
(48)
Therefore, the expectation value of the position m is
given by
Ly∑
m=1
m|ψn,m(t)|2
=
∫
dky
2pi
[
A˜∗n,ky i
∂
∂ky
A˜n,ky −
∣∣∣A˜n,ky ∣∣∣2 vLg (ky)t] ,
(49)
where vLg (ky) is given in Eq. (36). This implies that the
wave packet propagates with the group velocity
Vg =
∫
dky
∣∣∣A˜1,ky ∣∣∣2 vLg (ky)∫
dky
∣∣∣A˜1,ky ∣∣∣2 (50)
at the left edge of the sample. Since vLg (ky) in Eq.
(36) is always positive (or negative) irrespective of the
wavenumber ky, so is the group velocity Vg. This implies
that an oriented propagation is realized for the chiral
edge mode.
In order to obtain the oriented propagation of the Ma-
jorana edge charge excitation, we consider a trial state,
|Ψ(t)〉 = N{1 + η[ρ](t)}|0〉, (51)
9where N is the normalization factor. The expectation
value of the Majorana fermion c(1,m) can be calculated
as
〈Ψ(t)|c(1,m)|Ψ(t)〉
= |N |2〈0|{1 + η†[ρ](t)}c(1,m){1 + η[ρ](t)}|0〉
= |N |2〈0|{η[ρ](t)c(1,m) + c(1,m)η[ρ](t)}|0〉
= |N |2
∑
n,m′
ψn,m′(t)〈0|{c(n,m′), c(1,m)}|0〉
= 2|N |2ψ1,m(t), (52)
where we have used η†[ρ](t) = η[ρ](t). Thus, the pro-
file of the excess charge of the Majorana edge fermion is
expressed in terms of the amplitude ψ1,m(t) of the wave-
function at the edge site (1,m), and the charge moves
in one of the two directions of the edge with the group
velocity Vg of (50).
2. Kitaev-type models
Now, to realize the propagation of the edge magneti-
zation, we need to consider a slightly generic trial state.
As we have shown in the previous work8, the operator
eipiθˆ(1,m) plays a crucial role for the calculation of the edge
magnetization, since the spin operators σ(1,m) inevitably
contain it. Since the operator eipiθˆ(1,m) commutes with
the Hamiltonian H, the state eipiθˆ(1,m) |0〉 is still a ground
state for the fermion vacuum state |0〉. But the operation
changes the link variable, d(2`,m)d(2`−1,m+1), for some m.
This causes the change of the signs of the hopping am-
plitudes of Jz bonds for c-Majorana fermions. Of course,
this change of the signs can be removed by using the
gauge transformation c(2`−1,m) → ±c(2`−1,m).
In this case, instead of the trial state of (51), we con-
sider a trial excited state,
|Ψ(t)〉 = 1√
2
{1 +Wη[ρ](t)} |0〉, (53)
where the operator W is defined by
W := w(1) +
Ly∑
m=2
w(m)eipiθˆ(1,m) (54)
with a positive weight function w(m) which satisfies the
normalization condition,
Ly∑
m=1
|w(m)|2 = 1. (55)
We take the wavefunction ψn,m(t) of (47) and the weight
function w(m) so that the overlap between them at the
initial time t = 0 is large. Using the parity conservation
for the fermions, one can check that |Ψ(t)〉 is normalized
as
‖Ψ(t)‖2 = 1
2
+
1
2
〈0|η[ρ](t)
w(1) + Ly∑
m=2
w(m)eipiθˆ(1,m)
2 η[ρ](t)|0〉
=
1
2
+
1
2
Ly∑
m=1
|w(m)|2 = 1. (56)
Here, we also have used that the operators eipiθˆ(1,m)
change the link variables and that two states with dif-
ferent link variables are orthogonal with each other, and
we have taken the wavefunction of (47) to be normalized
to 1.
Let us compute the expectation value of the y-
component spin at the site (1,m) which is given by
〈Ψ(t)|σy(1,m)|Ψ(t)〉. The y-component of the spin is writ-
ten
σy(1,m) = c(1,m)e
ipiθˆ(1,m) (57)
in terms of the Majorana fermion c(1,m). In the same
way as the above calculation, by using this expression,
the expression (46) of η[ρ](t) and {η[ρ](t)}† = η[ρ](t), we
obtain
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µ(m, t) := 〈Ψ(t)|σy(1,m)|Ψ(t)〉 =
1
2
〈0|
η[ρ](t)
w(1) + `y∑
m′=2
w(m′)eipiθˆ(1,m′)
 c(1,m)eipiθˆ(1,m)

+
c(1,m)eipiθˆ(1,m)
w(1) + `y∑
m′=2
w(m′)eipiθˆ(1,m′)
 η[ρ](t)
 |0〉
=
w(m)
2
〈0|η[ρ](t)c(1,m) +
{
c(1,m)η[ρ](t)
} |0〉
= w(m)ψ1,m(t). (58)
Thus, the profile of the magnetization is expressed in
terms of the weight function w(m) and the amplitude
ψ1,m(t) of the wavefunction at the edge site (1,m). The
amplitude slowly decays by the weight w(m) with dis-
tance. Actually, the magnetization is vanishing in the
limit m → ∞. This implies that it is impossible to sup-
press the fluctuation of the link variables through the
whole region in this approach. Although the local mag-
netization decays and finally vanishes, it exhibits an ori-
ented propagation along the left edge with the group ve-
locity Vg.
B. Numerical demonstration
1. Kitaev honeycomb model with three-spin interaction
Following the formulation shown in the previous sub-
section, we calculate the time evolution of the edge mag-
netization numerically. We first consider the Kitaev hon-
eycomb model with three-spin interaction. We choose the
Gaussian distribution,
ρky =
1√
pik0
e
−
(
ky
k0
)2
, (59)
for the weight function ρky in (41), and
w(m) =
{∣∣m− 12 ∣∣−1/2−δ for m = 1, 2, · · · , Ly2 ,∣∣Ly −m+ 12 ∣∣−1/2−δ for m = Ly2 + 1, · · · , Ly,
(60)
for the weight function w(m) in (54) [Fig. 5(a)].
We plot µ(m, t) for (Jx, Jy, Jz, J
′) = (1, 0.8, 0.9, 0.3)
and Ly = 32, with k0 = 0.1pi in Fig. 5(b). We clearly
see that the dip of the magnetization propagates from
the top row (m = Ly) to the bottom row (m = 1) in
both cases, indicating the oriented propagation of the
magnetization due to the chiral edge mode. The velocity
of the propagating magnetization is estimated from the
figure as 1.08, which is compatible with the group velocity
given in Eq. (37), that is, vLg (0) ∼ 1.12. We also see that
the magnetization decays as the center of the wave packet
approaches to m = Ly/2.
2. Kitaev triangle-honeycomb model
Next, we consider the Kitaev triangle-honeycomb
model. Practically, we need to replace ζ1,ky with ζ1,ky,A
when applying the formulation to the Kitaev triangle-
honeycomb model. As for the initial state of dynamics,
we consider the case where the left edge mode crossing
the zero energy is excited. To choose such a weight func-
tion, we need to bear in mind that the edge mode in
this model exists around ky = ±pi in the momentum
space, in contrast to the Kitaev honeycomb model with
the three-spin interaction, where the edge mode exists
around ky = 0. We therefore choose the weight function
ρky as
ρky =
1
2
√
pik0
[
e
−
(
ky−pi
k0
)2
+ e
−
(
ky+pi
k0
)2]
, (61)
which has a large amplitude at ky = ±pi.
In Fig. 6, we plot the results for J = 1, J ′ = 1, Ly = 32,
and k0 = 0.1pi. We see that the magnetization in this
system shows the staggered structure in the real space,
originating from the fact that the weight function has a
large amplitude at ky = ±pi, in contrast to the Kitaev
honeycomb model with the three-spin interaction. Nev-
ertheless, we see that the magnetization propagates from
the top to the bottom, owing to the existence of the chi-
ral edge spinons. Again, we see that the magnetization
decays as approaching to m = Ly/2, while the amplitude
is recovered near m ∼ 1 (t = 80) since w(m) takes large
values in that region.
V. EDGE DYNAMICAL SUSCEPTIBILITY
In this section, we calculate the edge structure factor,
χedge(ω) =
1
Ly
∑
m,m′
∫ ∞
−∞
dte−iωt〈0|σy(1,m)(t)σy(1,m′)|0〉,
(62)
where |0〉 stands for the ground state, i.e., the state in
which all the eigenstates with negative eigenvalues are
occupied. We consider the situation that the frequency
ω is contained in the region of the bulk spectral gap so
that only the chiral edge mode is detected. Note that
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FIG. 5. (a) The weight w(m) in Eq. (61). (b) The edge
magnetization µ(m, t) as a function of m for t = 0 (top), t =
10 (middle), and t = 20 (bottom) with k0 = 0. The dip of the
magnetization propagates from the top row (m = Ly = 32)
to the bottom row (m = 1). Red arrows are for the guide to
the eyes.
we only consider a pair of σys for the expectation value
in Eq. (62), since the action of the other two compo-
nents, σx and σz, causes the change of the flux sector8,
which makes the calculation fairly complicated. As we
will explain below, the chiral nature of the edge mode is
reflected to this quantity.
Substituting Eq. (57) into the expression (62) of the
susceptibility, we have
χedge(ω) =
1
Ly
∑
m,m′
× ∫∞−∞ dte−iωt〈0|e−iHtc(1,m)eiθˆ(1,m)eiHtc(1,m′)eiθˆ(1,m′) |0〉.
(63)
Using the facts that eiθˆ(1,m) commutes with H and that
for any two states of c-Majorana fermions the matrix el-
ement of eiθˆ(1,m)eiθˆ(1,m′) is zero for m 6= m′8, we find that
only the terms with m = m′ have a finite contribution in
the summation of (63). Then, we obtain
χedge(ω) =
1
Ly
∑
m
∫∞
−∞ dte
−iωt〈0|c(1,m)eiHtc(1,m)|0〉,
=
∫∞
−∞ dte
−iωt〈0|c(1,1)eiHtc(1,1)|0〉,
(64)
where we have set H|0〉 = 0 for simplicity, and have used
the translational symmetry along the vertical direction
to obtain the second line.
1 32
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FIG. 6. ψ1,m(t) for the Kitaev triangle-honeycomb model
as a function of m and for t = 0 (top), t = 40 (middle), and
t = 80 (bottom). Red arrows are for the guide to the eyes.
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To proceed, we employ a spectral representation:
χedge(ω) =
∑
λ
∫∞
−∞ dte
−iωteiEλt〈0|c(1,1)|λ〉〈λ|c(1,1)|0〉,
= 2pi
∑
λ δ(ω − Eλ)〈0|c(1,1)|λ〉〈λ|c(1,1)|0〉,
(65)
where |λ〉 denotes the eigenstate of H that satisfies
H|λ〉 = Eλ|λ〉. To calculate the expectation value
〈λ|c(1,1)|0〉 in Eq. (65), we expand c(1,1) in terms of
γL(ky). To do this, let us first recall that
c(1,1) = α(1,1) + α
†
(1,1)
= 1√
Ly
∑
ky
e−iky
(
α1,ky + α
†
1,−ky
)
. (66)
We expand α1,ky as
α1,ky = Wkyγ
L(ky) + · · · . (67)
Note that the anti-commutator {α1,ky , [γL(ky)]†} is equal
to W ∗ky , since {γL(ky), [γL(ky)]†} = 1. On the other
hand, from Eq. (28), we have {γL(ky), α†1,ky} =[{α1,ky , [γL(ky)]†}]∗ = u1,ky , since {α1,ky , α†1,ky} = 1.
Combining these, we obtain Wky = u
∗
1,ky
. Therefore, we
have
c(1,1)=
1√
Ly
∑
ky
e−iky
{
u∗1,kyγ
L(ky)+u1,−ky [γ
L(−ky)]†+···
}
.
(68)
The rest except for the first two terms in the summand
in the right-hand side of (68) do not contribute to the
edge susceptibility because the frequency ω is assumed
to be smaller than the bulk band gap.
Using Eq. (68) and noting γL(ky)|0〉 = 0
([γL(ky)]
†|0〉 = 0) for εL(ky) > 0 (εL(ky) < 0), we have
χedge(ω) =
2pi
Ly
∑
ky
∑
k′y
∑
λ δ(ω − Eλ)ei(k
′
y−ky)u∗1,kyu1,k′y 〈0|γL(ky)|λ〉〈λ|
[
γL(k′y)
]† |0〉. (69)
The matrix element 〈0|γL(ky)|λ〉 becomes finite when
|λ〉 = [γL(ky)]† |0〉 and εL(ky) > 0, or |λ〉 = γL(ky)|0〉
and εL(ky) < 0. Therefore, we have
χedge(ω) =
2pi
Ly
∑
ky
|u1,ky |2δ(ω − EL(ky))
=
∫
d
(
dky
d
)
|u1,ky |2δ(ω − )
= |u1,k˜ω |2
[
vL(k˜ω)
]−1
(70)
where we have introduced k˜ω such that E
L(k˜ω) = ω.
From Eq. (70), we find that χedge(ω) is proportional to
the inverse of the group velocity, meaning that the sign of
the χedge(ω) is determined by that of the group velocity.
Hence, by measuring the ω-dependence of χedge(ω), one
can determine whether the edge mode is chiral or not. To
be concrete, if the edge mode is chiral, the sign is always
positive or negative, whereas if it is not chiral, the sign
change occurs upon varying ω.
VI. SUMMARY AND DISCUSSION
In summary, we have treated the propagation of the
edge magnetization due to the chiral edge modes and the
edge dynamical susceptibility in the Kitaev honeycomb
model with the three-spin interaction and the Kitaev
triangle-honeycomb model. These quantities have been
shown to refelect the chirality of the edge modes, whose
emergence is a consequence of the topological nature of
these models, i.e., the non-trivial Chern number and the
bulk-edge correspondence. By relying on the exact solv-
ability of these models, we have first mapped them to the
free fermion models, and then applied the transfer matrix
method. Further, by using the resulting edge wavefunc-
tions and their dispersion relations, we have calculated
(i) the time evolution of the edge magnetization and (ii)
the edge dynamical susceptibility. For the former (i), we
have demonstrated that the wave packet of the edge mag-
netization due to the chiral edge mode which is excited
by an external perturbation indeed moves in only one of
the two directions of the edge with the group velocity.
For the latter (ii), we have shown that the edge dynam-
ical susceptibility is proportional to the inverse of the
group velocity with the positive weight. This property
enables to determine whether an edge mode is chiral or
not. In fact, if an edge mode is chiral, then the sign of the
edge dynamical susceptibility does not change through
the whole range of the frequency, otherwise it takes both
of plus and minus signs.
Our method is also applicable to generic topological in-
sulators and superconductors, whose concrete examples
are the Haldane model29 and the spinless superconduc-
tor20, which were already treated in the text. In partic-
ular, the oriented propagation of the excess charge can
be expected to be experimentally detected in a chiral su-
perconductor.
Before closing this paper, we address the experimen-
tal observation of the oriented propagation of the edge
magnetization. As we have seen, the propagation can
be expected to occur by exciting the chiral edge spinons
by shining a laser pulse to the Kitaev magnets under
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the magnetic field in [111] direction. Then, we expect
that the flow of the magnetization can be detected by
using the sophisticated techniques developed in the field
of spintronics, such as the inverse spin-Hall measure-
ment34–37. In particular, the propagation of the edge
magnetization can be expected to be stable against disor-
der that is inevitable in experimental situations because
the chiral edge modes are known to be robust against
perturbations38–40.
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Appendix A: Transfer matrix method for the edge modes
In this Appendix, we present the details of the transfer matrix method by which we obtain the dispersion relation
of the left edge mode in Sec. III.
To begin with, we recall that the BdG equation of Eq. (14) is expressed by using the transfer matrix Tˆ (ky) as Eq.
(33). Let us consider the eigenvalue problem for Tˆ (ky). In the following, we abbreviate generally a function of f(ky)
of ky to f by dropping the argument ky.
From (33) and (34), the eigenvalue equation for Tˆ = Tˆ (ky) can be written as(
ϕ`+1
ϕ`
)
=
(
Aˆ−1[εL − Bˆ] −Aˆ−1Aˆ†
Iˆ2 0
)(
ϕ`
ϕ`−1
)
= λ
(
ϕ`
ϕ`−1
)
, (A1)
with an eigenvalue λ. Although the size of Aˆ and Bˆ is 2 × 2 in the present problem, the formalism of the transfer
matrix is applicable to the case with any size of n×n (n = 1, 2, · · · ). Therefore, in what follows, we consider the case
for generic n, whose eigenvalue equation can be obtained by replacing Iˆ2 with Iˆn in Eq. (A1). We will get back to
the case of n = 2 after we show the generic formulation.
From Eq. (A1), one has
ϕ` = λϕ`−1, (A2)
and
Aˆ−1(εL − Bˆ)λϕ`−1 − Aˆ−1Aˆ†ϕ`−1 = λ2ϕ`−1. (A3)
When λ 6= 0, this can be written as
λAˆϕ`−1 + λ−1Aˆ†ϕ`−1 + (Bˆ − εL)ϕ`−1 = 0. (A4)
For a nontrivial solution ϕ`−1, the two parameters, λ and εL, must satisfy
det[λAˆ+ λ−1Aˆ† + (Bˆ − εL)] = 0. (A5)
Further, using the fact that if the matrix M satisfies detM = 0, then detM† = 0, we have
det[λ∗Aˆ† + (λ∗)−1Aˆ+ (Bˆ − εL)] = 0, (A6)
where we have used that Bˆ is Hermitian, and that εL is real. This implies the following: If λ is a solution of the above
equation for a given real εL, then 1/λ∗ is a solution, too41. Thus the equation has a set of the solutions,
λ1, 1/λ
∗
1, λ2, 1/λ2,
∗ , . . . , λn, 1/λ∗n. (A7)
Here, we assume that the eigenvalues, λj , satisfy 0 < |λj | < 1 for ` = 1, 2, . . . , n. In the present approach, we need this
assumption in order to obtain a decay solution with the open boundary condition at the edge. For the corresponding
n-component eigenvector which satisfies (A3) with the eigenvalue λj , we write χ
(j).
Then, the 2n-component vector, (
λ`χ
(`)
χ(`)
)
, (A8)
is an eigenvector of the transfer matrix.
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In order to find the solution which satisfies the open boundary condition at the edge, we set(
ϕ`
ϕ`−1
)
=
n∑
j=1
cj(λj)
`−1
(
λjχ
(j)
χ(j)
)
. (A9)
The coefficients c` are determined by
n∑
j=1
cjχ
(j) = 0 (A10)
because of the open boundary condition ϕ0 = 0. This implies
det[χ(1),χ(2), . . . ,χ(n)] = 0. (A11)
Since all the eigenvales λj and all the vectors χ
(j) are determined by the energy εL, this equation determines the
energy spectrum εL of the edge mode. But it is very difficult to determine the energy εL by the above equation (A11)
for general n.
Now, let us consider the case of n = 2, which corresponds to our original problem for the Kitaev model. In this
case, one clearly has
det[χ(1),χ(2)] = 0. (A12)
This implies that the two vectors are the same, i.e, χ(1) = Const.χ(2). In addition to this, if λ1 = λ2, then ϕ` = 0
for all ` from (A9) and (A10). Therefore, in this case, the single vector χ(1) has two different eigenvalues, λ1 and λ2,
i.e., λ1 6= λ2. Then, the corresponding equations for (A3) become
Aˆ−1(εL − Bˆ)λ1ϕ1 − Aˆ−1Aˆ†ϕ1 = λ21ϕ1 (A13)
and
Aˆ−1(εL − Bˆ)λ2ϕ2 − Aˆ−1Aˆ†ϕ2 = λ22ϕ2. (A14)
Subtracting (A14) from (A13) and using ϕ2 = ϕ1, one has
Aˆ−1(εL − Bˆ)(λ1 − λ2)ϕ1 = (λ21 − λ22)ϕ1. (A15)
This implies that ϕ1 is the eigenvector of the matrix Aˆ−1(Bˆ − εL). Then, clearly, ϕ1 is the eigenvector of Aˆ−1Aˆ† as
well.
Since the matrix Aˆ−1Aˆ† is independent of the energy εL, one can obtain an eigenvector u of Aˆ−1Aˆ† with the
eigenvalue µ¯ which satisfies the decay condition. Then, we can choose the energy eigenvalue εL so that u becomes the
eigenvector of Aˆ−1(Bˆ−εL). More precisely, εL can be chosen so that the ratios of the first and the second components
of the vectors in both sides of the eigenvalue equation Aˆ−1(Bˆ − εL)u = η¯u with an eigenvalue η¯ coincide with each
other. Indeed, the dispersion relation of (35) is determined in this way. In consequence, we have
Aˆ−1(Bˆ − εL)u = η¯u (A16)
with the eigenvalue η¯. Combining this, Aˆ−1Aˆ†u = µ¯u and the equation (A3) with ϕ`−1 = u, we have
−λη¯ − µ¯ = λ2. (A17)
The two eigenvalues of the transfer matrix are given by
λ± =
−η¯ ±
√
η¯2 − 4µ¯
2
= − η¯
2
±
√( η¯
2
)2
− µ¯. (A18)
Consequently, the wavefunction of the edge mode is given by
ϕ` = (λ
`
+ − λ`−)u, (A19)
which satisfies the boundary conditions when
|λ±| < 1. (A20)
The condition (A20) is the criterion of the existence of the edge mode at given ky (see the area shaded in yellow in
Fig. 3).
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Appendix B: Chiral edge mode in the Kitaev triangle-honeycomb model
In this Appendix, we explain how to construct the solution for the edge modes of the Kitaev triangle-honeycomb
model. To begin with, we expand the i-th edge mode as
γ
(i)
ky
=
Lx∑
`=1
∑
s=A,B,C
u
(i)
`,ky,s
α`,ky,s + v
(i)
`,ky,s
α†`,−ky,s, (B1)
where the coefficients u
(i)
`,ky,η
and v
(i)
`,ky,η
satisfy the BdG equation:
Lx∑
`′=1
{
[hˆ(ky)]`,`′ − εL,(i)(ky)Iˆ6δ`,`′
}

u
(i)
`′,ky,A
u
(i)
`′,ky,B
u
(i)
`′,ky,C
v
(i)
`′,ky,A
v
(i)
`′,ky,B
v
(i)
`′,ky,C

= 0, (B2)
for ` = 1, · · ·Lx. To solve Eq. (B2), we define
ξ
(i)
`,ky,s
:= u`,ky,s − v`,ky,s, (B3)
and
ζ
(i)
`,ky,s
:= u`,ky,s + v`,ky,s (B4)
for s = A,B,C. Then, among six equations of (B2), the four equations contain only the variables at the site `. These
are given by
J ′ζ(i)`,ky,B − εL,(i)(ky)ξ
(i)
`,ky,B
= Jζ
(i)
`,ky,C
− iJξ(i)`,ky,C , (B5a)
J ′ξ(i)`,ky,B − εL,(i)(ky)ζ
(i)
`,ky,B
= Jξ
(i)
`,ky,A
− iJζ(i)`,ky,A, (B5b)
Jζ
(i)
`,ky,A
− εL,(i)(ky)ξ(i)`,ky,A = −J ′e−ikyζ
(i)
`,ky,C
+ Jζ
(i)
`,ky,B
, (B5c)
Jξ
(i)
`,ky,C
− εL,(i)(ky)ζ(i)`,ky,C = Jξ
(i)
`,ky,B
− J ′eikyξ(i)`,ky,A. (B5d)
The rest of the two equations are
Jξ
(i)
`,ky,A
− εL,(i)(ky)ζ(i)`,ky,A = iJζ
(i)
`,ky,B
+ J ′ξ(i)`−1,ky,C , (B6a)
Jζ
(i)
`,ky,C
− εL,(i)(ky)ξ(i)`,ky,C = iJξ
(i)
`,ky,B
+ J ′ζ(i)`+1,ky,A. (B6b)
We write
Φ
(i)
` (ky) =

ζ
(i)
`,ky,A
ξ
(i)
`,ky,A
ζ
(i)
`,ky,B
ξ
(i)
`,ky,B
ζ
(i)
`,ky,C
ξ
(i)
`,ky,C

, (B7)
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Aˆ(ky) =

0 0 · · · 0
...
...
. . .
...
0 0 · · · 0
J ′ 0 · · · 0
 , (B8)
and
Bˆ(ky) =

0 J −iJ 0 0 0
J 0 −J 0 J ′e−iky 0
iJ −J 0 J ′ 0 0
0 0 J ′ 0 −J iJ
0 J ′eiky 0 −J 0 J
0 0 0 −iJ J 0
 . (B9)
Then, the equation corresponding to Eq. (30) is given by
Aˆ(ky)Φ
(i)
`+1 + Aˆ
†(ky)Φ
(i)
`−1 + Bˆ(ky)Φ
(i)
` = ε
L,(i)Φ
(i)
` . (B10)
Although the matrix Aˆ(ky) is not invertible
27, we can find the left edge solutions which satisfy ξ
(i)
`,ky,C
= 0 for all `.
Actually, when choosing ξ
(i)
`,ky,C
= 0, the rest of the five components satisfy

−εL,(i) J −iJ 0 0
J −εL,(i) −J 0 J ′e−iky
iJ −J −εL,(i) J ′ 0
0 0 J ′ −εL,(i) −J
0 J ′eiky 0 −J −εL,(i)


ζ
(i)
`,ky,A
ξ
(i)
`,ky,A
ζ
(i)
`,ky,B
ξ
(i)
`,ky,B
ζ
(i)
`,ky,C

= 0. (B11)
Since this eigenvalue equation must have a nontrivial solution, the determinant of the matrix must be vanishing. As
a result, the energy eigenvalue εL,(i) can be determined by
[εL,(i)]5 − (4J2 − 2J ′2)[εL,(i)]3 + (3J4 + 2J2J ′2 + J ′4 − 2J2J ′2 cos ky)εL,(i) + 2J3J ′2 sin ky = 0. (B12)
Since the above matrix is hermitian, this algebraic equation has five real solutions which are already found in Fig. 4
as edge modes. Further, the nontrivial solution of (B11) is determined except for the normalization. Combining this
with the equation for the sixth component of (B10), we obtain the recursion equation ζ
(i)
`+1,ky,A
= λ(ky)ζ
(i)
`,ky,A
with
λ(ky) =
eiky
{−[εL,(i)]4 + i[εL,(i)]3J + [εL,(i)]2 (3J2 + J ′2)− iεL,(i)J (3J2 − J ′2eiky)− J2J ′2 (1 + eiky)}
J ′2
{
eiky
(−[εL,(i)]2 + iεL,(i)J + J ′2)+ iJ(εL,(i) + iJ)} . (B13)
Clearly, the left-edge solutions must satisfy the decay condition |λ(ky)| < 1 which determines the permissible region
of ky for given J and J
′. Figure 7 shows the region for the edge modes across the zero energy. As seen in Fig. 4,
the permissible wavenumber ky for the edge modes is restricted to the neighborhood of pi in the topological phase,
whereas, in the non-topological phase, the permissible wavenumber can take any value in the whole range. Similarly,
the right edge solutions satisfy ζ
(i)
`,ky,A
= 0 for all `, and we can obtain them in the same way. Although we cannot
solve the algebraic equation (B12) analytically, we believe that the useful information about the chiral edge modes
has been able to be obtained.
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